We give a short proof of the theorem of Brown, Douglas and Fillmore that an essentially normal operator on a Hilbert space is a compact perturbation of a normal operator if and only if the Fredholm index of its translates are zero whenever de ned. The proof is a modi cation of the short proof of Lin's theorem on almost commuting self-adjoint elements we gave in 7].
1
The index function is invariant under compact perturbations. Hence we may de ne the index function of an invertible S 2 Q(H) to be that of any lift T 2 B(H) of S.
The index function is continuous and hence constant on each connected component of its domain. It vanishes on the unbounded connected component of its domain. We say that an operator has trivial index function if its index function is zero everywhere on its domain.
In Section 2 we give a new proof of the following: Theorem 1.1 (Brown-Douglas-Fillmore, 2, Corollary 11.2]) An essentially normal operator on a Hilbert space is a compact perturbation of a normal operator if and only if it has trivial index function.
The theorem is a special case of the result by Brown-Douglas-Fillmore ( 2, Theorem 11.1]) that two essentially normal operators are unitarily equivalent modulo a compact perturbation if and only if they have the same essential spectrum and index function (in fact the general theorem follows from Theorem 1.1, see 1]).
The contributions of the Brown-Douglas-Fillmore papers ( 2] and 3]) go far beyond the particular theorem addressed in this article, in their development of Ext-and K-homology theory.
Our proof of Theorem 1.1 has two steps. The rst step is to show that an essentially normal operator with trivial index function is in the closure of the set of compact perturbations of normal operators on H. We prove this by showing that a normal element in the Calkin algebra can be approximated by normal elements with nite spectra if it has trivial index function (see also Lin 9] ). The methods used here follow closely the methods we used in 7] . The main di erence is that we here must keep track of the index (or K 1 -class) of the invertible operators used in the various approximation steps.
Step two is then to show that the set of compact perturbations of normal operators is norm closed. This step involves quasi-diagonal essentially normal operators, and its proof is a straightforward consequence of Lin's Theorem: Theorem 1.2 (H. Lin, 9]) For every " > 0 there is a > 0 such that for every nite dimensional C -algebra A and every element T 2 A such that kTk 1 and kT T ? TT k < there is a normal element N 2 A such that kT ? Nk < ".
See also the short proof of Lin's theorem in 7] .
In Section 3 we consider the general problem of approximating normal elements of a C -algebra by normal elements with nite spectra.
We show that a normal element a of a unital C -algebra A of real rank zero can be approximated by normal elements with nite spectra if and only if all its translates, a? 1, 2 C , belong to the closure of GL 0 (A), the connected component of the identity in GL(A) (Theorem 3.2). A key step towards this end is that a normal element a in any unital C -algebra A can be approximated by normal elements b 2 A, with 1-dimensional spectra and with b ? 1 2 GL 0 (A) for all not in the spectrum of b, if and only if all translates a ? 1 belong to the closure of GL 0 (A). To complete the argument we use a theorem of Lin ( 10, Theorem 5.4] ) that every normal element with 1-dimensional spectrum in a C -algebra of real rank zero is the norm-limit of normal elements with nite spectra.
In Corollary 3.12 to Theorem 3.2 it is shown that if A is a unital C -algebra of real rank zero and stable rank one, then every normal element a 2 A, satisfying (a)? 1 2 GL 0 (A=I) for all proper ideals I of A and for all 2 C n sp( (a)), can be approximated by normal elements with nite spectra. This result should be compared with the theorem of Lin in 11] which says that in a simple C -algebra A of real rank zero and with property (IR) | a property, considered in 7], which is weaker than stable rank one | every normal element a, with a ? 1 2 GL 0 (A) for every 2 C n sp(a), is the norm-limit of normal operators with nite spectra.
The rst operator theoretic proof of Theorem 1.1 is due to Berg and Davidson 1] . In fact, their analysis gives a stronger quantitative version which, subject to a natural resolvent condition on the operator T, gives a bound on the norm of the compact perturbation in terms of the norm of the self-commutator T T ? TT . Also let us mention that Lin has generalized Theorem 1.1 to essentially normal elements of M(A)=A for certain AF-algebras A (see 12]).
We thank Larry Brown for several suggestions that helped improve our results and our exposition.
Proof of Theorem 1.1
The main part of the proof of Theorem 1.1 consists of showing the theorem below, which | as indicated | has already has been proved by Huaxin Lin (noting that Q(H) is purely in nite and simple). The proof presented here is, we believe, shorter and more direct than Lin's proof. Theorem 2.1 (cf. H. Lin, 10, Theorem 4.4]) Let T be a normal element in Q(H). Then T is the norm limit of a sequence of normal elements in Q(H) with nite spectra if and only if T has trivial index function.
The lemmas below serve to prove the "if"-part of the theorem.
De ne the continuous function f " : R + ! R + by f " (t) = maxft ? "; 0g. Let B( ; r)
denote the closed disc in the complex plane with center and radius r. We let D denote the unit disc B(0; 1), and T will be the unit circle.
Lemma 2.2 Let T be a normal element in Q(H), let 2 sp(T ) and let " > 0. There exists a normal element S 2 Q(H) with kT ? Sk 2", = 2 sp(S), index(S ? 1) = 0, and sp(S) n B( ; ") = sp(T ) n B( ; "):
Proof: We may without loss of generality assume that = 0. Let R 2 B(H) be any lift of T, and let R = V jRj be the polar decomposition of R. The operator V f " (jRj) and its adjoint, V f " (jR j), have in nite-dimensional kernels (because (jRj) = jTj = (jR j)
is non-invertible). Let Wf " (jRj) be the polar decomposition of V f " (jRj). The argument above shows that 1?W W and 1?W W are both in nite-dimensional projections. Hence W extends to a unitary U 2 B(H) with V f " (jRj) = Uf " (jRj). Notice that (V f " (jRj)) = (V )f " (jT j) = (U)f " (jT j) is normal (because (V ) commutes with jTj). This implies that (U) commutes with f " (jT j), and therefore S = (U)(f " (jT j) + " 1) is normal. Clearly, S is invertible, and S lifts to the invertible operator U(f " (jRj) + " 1), and so index(S) = 0. The distance between S and T is estimated by
Let E 2 Q(H) be the spectral projection for jTj corresponding to the interval 0; "]. Since jSj = f " (jT j) + " 1, it follows that E is the spectral projection of jSj corresponding to f"g in Q(H) . Since T and S are normal, E commutes with T and S (being a Borel function of T and of S). We therefore have sp(T ) f0g = sp(T E) sp(T (1 ? E)); sp(S) f0g = sp(SE) sp(S(1 ? E)):
To complete the argument, notice that jTj(1 ? E) = (f " (jT j) + " 1)(1 ? E) = jSj(1 ? E), and hence T(1 ? E) = S(1 ? E). Also, kTEk = kjTjEk " and kSEk = kjSjEk ", which entails that sp(T E) and sp(SE) are both contained in B(0; "). Finally, S = T n will be as desired.
For each " > 0 consider the "-grid ? " in C de ned by ? " = fx + iy 2 C j x 2 "Z or y 2 "Zg:
Lemma 2.5 Let T 2 Q(H) be normal with trivial index function, and let " > 0. Then there exits a normal element S 2 Q(H) with trivial index function, sp(S) ? " , and such that kS ? Tk ". The lemma below is a special case of the Alexander Duality theorem from topology. For a compact subset X of C it says that 1 (X) = H 1 (X; Z) = H 0 (C n X; Z), and the latter is the free Abelian group generated by the bounded connected components of C n X. Lemma 2.6 Let X be a compact subset of ? " for some " > 0. Every continuous map f : X ! C n f0g is homotopic to a map of the form z 7 ! (z ? 1 ) n 1 (z ? 2 ) n 2 (z ? k ) n k :
for some i 2 C n X and some n i 2 Z.
Proof: Choose n 2 N such that X ?n"; n"] Choose a y i 2 C i for each i. Put
The winding number of h around i is zero for each i. Therefore hj i extends to a continuous function C i ! C n f0g for each i. This shows that h extends to a continuous functionh: ?n"; n"] Proof of Theorem 2.1: Assume that T n is a sequence of normal elements of Q(H) so that T n tends to T in norm, and T n has nite spectrum for each n. Let We show next that there exists a normal element T 00 2 Q(H) such that kT 0 ? T 00 k "; sp(T 00 ) ? " ;
and such that sp(T 00 ) contains no entire line segment of ? " , where an entire line segment is a set of the form fn + iy j m" < y < (m + 1)"g or fx + im j n" < x < (n + 1)"g; for some n; m 2 Z. Let fI 1 ; I 2 ; : : : ; I n g be the set of entire line segments of ? " that are contained in sp(T 0 ), and choose j 2 I j for each j. Apply Lemma 2.7 successively to obtain normal elements R 0 = T 0 ; R 1 ; R 2 ; : : : ; R n in Q(H) such that kR j+1 ? R j k "=n; sp(R j+1 ) sp(R j ) n f j+1 g; and each with trivial index function. The element T 00 = R n then has the desired property.
It now follows that sp(T 00 ) can be partitioned into nitely many clopen sets C 1 , C 2 ,
: : : , C m each with diameter less than 2". Choose i 2 C i for each i, and let f : sp(T 00 ) ! f 1 ; 2 ; : : : ; m g be the continuous function which maps C i to i . Then jf(z) ? zj < 2" for all z 2 sp(T 00 ). The element S = f(T 00 ) is normal with sp(S) = f 1 ; 2 ; : : : ; m g, and kS ? T 00 k 2", so that kS ? Tk 4".
Recall that an operator T is quasi-diagonal if there is an increasing sequence fE n g 1 n=1 of nite rank projections converging strongly to 1 such that lim n!1 kTE n ? E n Tk = 0.
The set of quasi-diagonal operators is invariant under compact perturbations and is norm closed. That the set is norm closed can be seen by using the equivalent \local" de nition of T being quasi-diagonal, that for every nite rank projection E 2 B(H) and for every " > 0 there exists a nite rank projection F 2 B(H) such that E F and kTF ? FTk ".
Every normal element N with nite spectrum is quasi-diagonal (write N = P k j=1 j P j and put E n = P k j=1 F (j) n , where fF (j) n g 1 n=1 is an increasing sequence of nite rank projections converging strongly to P j ). Since every normal operator in B(H) can be approximated by normal operators with nite spectrum, every normal operator is in fact quasi-diagonal.
The statements in the proposition below were consequences of Theorem 1.1 in 2]. Here it is used as a step in our proof. Proof: Each compact perturbation of a normal operator is clearly essentially normal, and | by the remarks above | also quasi-diagonal.
It is well-known that every quasi-diagonal operator T 2 B(H) is block-diagonal plus compact, i.e. there exist S 2 B(H) and an increasing sequence fE n g 1 n=1 of nite rank projections converging strongly to 1 such that T ? S 2 K and SE n = E n S for all n. (Indeed, choose fE n g 1 n=1 such that P 1 n=1 kE n T ? TE n k < 1: Put E 0 = 0, and put S = and the right-hand side is compact since the two terms are norm-convergent sums of compact operators.) Assume now that T is essentially normal and quasi-diagonal. Notice that S, being a compact perturbation of T is also essentially normal. Put S n = (E n ? E n?1 )T (E n ? E n?1 ):
Since S = P 1 n=1 S n , and SS ? S S is compact, we have lim n!1 kS n S n ? S n S n k = 0:
Each S n lies in the nite dimensional C -algebra B(H n ), where H n = (E n ?E n?1 )(H), and so Lin's theorem (Theorem 1.2) says that there exist normal operators R n 2 B(H n ) with lim n!1 kR n ? S n k = 0. Put R = P 1 n=1 R n . Then R is normal, and R ? S is compact.
This proves that T is a compact perturbation of a normal operator. The set of essentially normal operators and the set of quasi-diagonal operators are both closed. Hence so is their intersection.
Proof of Theorem 1.1: A compact perturbation of a normal operator has trivial index function since this is the case for a normal operator and since the index function is invariant under compact perturbation.
Assume now that T is essentially normal with trivial index function. Then (T ) 2 Q(H) is normal with trivial index function. Hence, by Theorem 2.1, there is a sequence fS n g 1 n=1 of normal elements of Q(H) with nite spectra such that S n ! (T ) in norm. Lift S n to T n 2 B(H) such that T n ! T in norm. Every normal operator in Q(H) with nite spectrum has a lift to a normal operator in B(H). Hence we can nd normal operators R n 2 B(H) with (R n ) = S n = (T n ). It follows that each T n is a compact perturbation of a normal operator. By Proposition 2.8 this shows that T itself is a compact perturbation of a normal operator.
Corollary 2.9 An essentially normal operator on a Hilbert space has trivial index function if and only if it is quasi-diagonal.
Proof: Combine Theorem 1.1 with Proposition 2.8.
3 Approximating normal elements with normal elements with nite spectra
In this section we prove various generalizations of Theorem 2.1 using more or less the same methods as in Section 2. We rst consider an obstruction | analogous to the index-obstruction in Theorem 2.1 | for a normal element of a C -algebra to be a norm-limit of normal elements with nite spectra. The natural generalization of the index function of an element of Q(H) to an element a of a unital C -algebra A is the map To follow the proof of Lemma 2.7 we would need actual spectral projections for u. We shift to the notation of 15], and denote our C -algebra by A, and the element a 2 A will be denoted by T (so that (T ) = 0 | the distance from T to the invertibles of A is zero), and T = V jTj is the polar decomposition of T.
In the proof of 15, Theorem 2.1] choose the invertible element A to lie in GL 0 (A) (which is possible by the assumption that T lies in the closure of GL 0 (A)). Then the element S produced in that theorem will lie in GL 0 (A). The element S 0 constructed in 15, Lemma 2.3] is homotopic to S, and will therefore also lie in GL 0 (A). To see this, go into the proof of 15, (ii). That b is normal, and ka ? bk 2" can be seen as in the proof of Lemma 2.2. Notice that jbj = f " (jaj) + " 1. This shows that jbj | and hence b | are invertible, and that the spectrum of b does not intersect the open ball with center 0 and radius ".
We shall apply the Borel function calculus inside the von Neumann algebra A . Denoting the indicator function of the (Borel) set E by 1 E , set e " = 1 0;"] (jaj) = 1 0;"] (jbj) = 1 f"g (jbj). Put '(t) = t 1 (";1) (t) = (f " (t) + ") 1 (";1) (t) for t 2 R In conclusion, we have shown that g(a) = g(b). The claim about the spectra follows from the previous statement.
We now show an analogue of Lemma 2.4. Lemma 3.5 Let A be a unital C -algebra, let a be a normal element in A, and let F be a nite subset of C . If a ? 1 lies in the closure of GL 0 (A) for all 2 F, then for every " > 0 there exists a normal element b in A with ka ? bk " and b ? 1 2 GL 0 (A) for every 2 F.
Proof: Write F = f 1 ; 2 ; : : : ; n g. We nd successively normal elements a 0 = a, a 1 , a 2 , : : : , a n in A satisfying ka j+1 ? a j k "=n, a j ? i 1 2 GL 0 (A) for i = 1; 2; : : : ; j, a j ? i 1 lie in the closure of GL 0 (A) for i = j + 1; j + 2; : : : ; n.
The element b = a n will then be as desired.
Assume a j?1 has been found and that 1 j n. Choose > 0 such that < "=2n, for all 2 C n sp(a), is the norm-limit of normal elements in A with nite spectrum.
(ii) A has real rank zero and property (IN 0 We proceed to show that A has property (IN 0 ). Let a be a normal element in A, and assume that there exists an r > 0 such that B(0; r) sp(a). Let a = vjaj be the polar decomposition of a, with v a partial isometry in A .
Consider for every proper ideal I of A, and for every 2 C n sp( I (a)), is a norm limit of normal elements in A with nite spectra. 
for every proper ideal I of A and every 2 C n sp( I (a)), is a norm limit of normal elements in A with nite spectra.
Corollary 3.12 can for example be applied to the real rank zero AT-algebras classi ed by George Elliott in 6]. (AT-algebras is the class of C -algebras obtained from the C -algebra C(T) with the operations of tensoring by M n (C ), taking direct sums, and taking inductive limits.) It would be interesting to know if one can replace the assumption in Corollary 3.12 that sr(A) = 1 with the weaker assumption that A has property (IR) (cf. 7, 3.1] and the main theorem of 11]). By Corollary 3.11 that would be the case if property (IR) (together with RR(A) = 0) implies property (NT). This is known to be true for simple C -algebra, because a simple unital C -algebra A has property (IR) if and only if either sr(A) = 1 or A is purely in nite.
Example 3.13 Of the three su cient conditions in Corollary 3.11, the real rank zero condition is clearly also necessary (cf. the proof of Corollary 3.10). It is possible that the condition (NT) always holds for real rank zero C -algebras. Terry Loring has in 13] proved that there exist C -algebras of real rank zero, which do not have property (IN). Condition (NT) is necessary in Corollary 3.11, at least when A is simple, as the following example shows:
Assume that A is a simple unital C -algebra of real rank zero where property (NT) of Corollary 3.11 does not hold | if such an example exists. Since every hereditary sub-Calgebra of A is the inductive limit of corner algebras pAp, where p is a projection in A, there is a unitary u 2 A and a projection p 2 A with the property that there is no unitary v 2 pAp satisfying u h v + (1 ? p). Since A is of real rank zero, and since sp(u) = T, there is a non-zero projection q 2 A such that kquq ? qk 1=2. Then (1 ? q)u(1 ? q) is invertible in (1 ?q)A(1?q), and z = q + (1 ?q)u(1?q) is homotopic to u in GL 0 (A). Put u 0 = zjzj ?1 . Then u 0 2 U(A), u h u 0 and qu 0 = u 0 q = q. Let x be a non-zero element in qAp, and let e be a non-zero projection in xAx . Then e q and e -p. It follows that eu 0 e = e and that there is no unitary v 2 eAe such that u 0 h v + (1 ? e). The corner algebra eAe is non-scattered (because A must be in nite-dimensional), and we can therefore nd a normal element c 2 eAe with sp(c) = D .
Put a = c+(1?e)u 0 (1 ?e). Then a is normal and sp(a) = D , and so a? 1 2 GL 0 (A) for every 2 C n sp(a). We claim that a is not in the closure of GL 0 (A), and this will show that a cannot be approximated by normal elements with nite spectra, cf. Theorem
